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Abstract

We study correlation functions of local operator insertions on the 1/2-BPS Wilson line in A = 4 super
Yang—Mills theory. These correlation functions are constrained by the 1d superconformal symmetry pre-
served by the 1/2-BPS Wilson line and define a defect CFT; living on the line. At strong coupling, a set
of elementary operator insertions with protected scaling dimensions correspond to fluctuations of the dual
fundamental string in AdS5 x $3 ending on the line at the boundary and can be thought of as light fields
propagating on the AdS; worldsheet. We use AdS/CFT techniques to compute the tree-level AdS, Witten
diagrams describing the strong coupling limit of the four-point functions of the dual operator insertions.
Using the OPE, we also extract the leading strong coupling corrections to the anomalous dimensions of
the “two-particle” operators built out of elementary excitations. In the case of the circular Wilson loop,
we match our results for the 4-point functions of a special type of scalar insertions to the prediction of
localization to 2d Yang—Mills theory.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In the A/ = 4 supersymmetric Yang—Mills theory, it is natural to consider Wilson loop opera-
tors that include couplings to the six scalars ® in the theory [1,2]
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WZtrPefdt(i;'c“A,L+|fc\9’d>’)’ (1.1)

where x*(¢) is a closed loop, and 6/ (z) is a unit 6-vector. For generic contour and scalar cou-
plings, these operators are only locally supersymmetric, but special choices of x* and 6/ lead to
Wilson loops preserving various fractions of the superconformal symmetry of the N'=4 SYM
theory [3,4]. The most supersymmetric operator is obtained by taking the contour to be an infi-
nite straight line (or circle), and 6/ a constant 6-vector, corresponding to a fixed direction in the
scalar space: in this case the Wilson loop is 1/2-BPS, i.e. it preserves 16 of the 32 supercharges
of the superconformal group PSU (2, 2|4). Making the choice 8/ &/ = ®°, this 1/2-BPS straight
line operator is given by

W = trPel d(iAr+e°) (1.2)

where we have identified the Euclidean time x° = ¢ € (—00, 00) to be the line that defines the
operator.

In this paper we will be interested in the computation of correlation functions of local opera-
tors inserted along the straight Wilson line, defined as follows. Given some local operators O; (¢;)
transforming in the adjoint representation of the gauge group, one can define the gauge invariant
correlator [5]

(01(t1) O2(12) - - - On(tn)))
= (P[01(1) &/ #TAF) 0y(1y) o MM 0, (1) o G4+

= (trP[01(11) 02(12) - - Oy (t)e] 1G4+ (1.3)

The SU(N) indices are contracted with the Wilson lines joining the various points, making this a
gauge invariant observable. Since the expectation value of the straight Wilson line is trivial, this
definition satisfies ((1)) = (W) = 1. More generally, one should normalize the correlator on the
right-hand side by the expectation value of the Wilson loop without insertions (this is relevant in
the case of the 1/2-BPS circular loop, which has a non-trivial expectation value [6—8]). Note that,
since operator insertions are equivalent to deformations of the Wilson line [5,9], the complete
knowledge of the correlators (1.3) would, at least in principle, allow to compute the expectation
value of general Wilson loops which are deformations of the line or circle.

To understand the structure of the correlators (1.3), it is useful to recall the symmetries pre-
served by the 1/2-BPS Wilson line. First, it is clear that it preserves an SO(5) subgroup of the
SO(6)g R-symmetry that rotates the 5 scalars ®¢, a =1, ..., 5 that do not couple to the Wil-
son loop. In addition, it preserves an SO (2, 1) x SO(3) subgroup of the 4d conformal group
SO(2,4), where the SO(3) corresponds to rotations around the line, and the generators of
SO (2, 1) correspond to dilatations, translation and special conformal transformation along the
line. This SO (2, 1) is the d = 1 conformal group. Together with the 16 supercharges preserved
by the loop, the symmetries of 1/2-BPS Wilson lines form the d = 1, A/ = 8 superconformal
group O Sp(4*|4).

It follows that operator insertions along the Wilson line are classified by their representations
under the OSp(4*|4) symmetry. In particular, they are labeled by their scaling dimension A,
corresponding to a representation of SO (2, 1), and by a representation of the “internal” (from
the point of view of the line) symmetry group SO (3) x SO(5). The set of correlators (1.3) are
then constrained by the d = 1 conformal symmetry in a way analogous to higher dimensional
CFTs. They can be interpreted as characterizing a defect CFT; living on the Wilson line [5,10,
9]. This CFT| should then be fully determined by its spectrum of scaling dimensions and OPE
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coefficients. Because the “double-bracket” correlators (1.3) satisfy all the usual properties of
CFT correlation functions, we may often talk about the O;(#;) as operators in a 1d CFT, without
referring to their (non-local) origin in SYM theory.

Among the possible operator insertions, a special role is played by a set of “elementary ex-
citations” that fall into a short representation of the O Sp(4*|4) symmetry with 8 bosonic plus
8 fermionic operators, and have protected scaling dimensions. The bosonic operators are the 5
scalars ®¢ (with dimension A = 1) that do not couple to the Wilson line, which have A =1,
and the components of the field strength F;; =i Fy; + D; @ (with dimension A = 2) along the
directions i = 1, 2, 3 transverse to the line. IFy; is also known as the displacement operator, which
measures the change of the Wilson loop under deformations orthogonal to the contour (this can
be defined for any defect in a CFT).”

The fact that these operators have protected scaling dimensions implies that their 2-point
functions (in the sense of (1.3)) computed in planar SYM theory take the exact form

Co(A Cr(M
(@ (1) (12))) = 57 E22) (Fai (1)F (1)) = 81 . (14)
t122 ’fz

where the ’t Hooft coupling A dependence appears only in the normalization factors. These are
proportional to the so-called Bremsstrahlung function B()) defined in [14]

VAL
42 (V)

The three-point functions of these elementary bosonic excitations vanish by the SO (3) x SO (5)
symmetry. The four-point functions are expected to be non-trivial functions of the positions #,
(constrained by the 1d conformal symmetry as reviewed in Section 3 below) and of the coupling
constant . Little is known about their structure apart from the leading perturbative term in the
four-point of [F;; computed in [9].

In this paper, we will compute these four-point functions at strong coupling using the string
theory in AdSs x S° dual to planar N = 4 SYM. At strong coupling, Wilson loops are related by
duality to open string minimal surfaces in AdSs ending on the contour defining the loop operator
at the boundary. In the case of the 1/2-BPS Wilson line (or circle), the relevant minimal surface
is an AdS; embedded in AdSs (and sitting at a point on the S°). The fundamental open string
stretched in AdS preserves the same O Sp(4*|4) as the 1/2-BPS Wilson line (see e.g. [15]). In
particular, the 1d conformal group SO (2, 1) is realized as the isometry of AdS,.

As we will review in Section 2, expanding the string action in static gauge around the minimal
surface solution, one finds [16] that the AdS, multiplet of fluctuations transverse to the string
includes 5 massless scalars y* corresponding to the S° directions, three massive scalars x! with
m? = 2 corresponding to AdSs fluctuations, and 8 fermionic modes with m? = 1. It is then
natural to identify these 8 + 8 excitations, which may be thought as fields living in AdS,, with
the elementary CFT] insertions described above [10,17,18]. Indeed, the standard relation m? =
A(A — d) between AdS,41 scalar masses and the corresponding CFT; operator dimensions in
the present case implies that the massless y“ fields should be dual to A = 1 operators in CFTy,

Co(l) =2B(V), Cr(\) = 12B(V) , B(\) = (1.5)

2 The fact that the displacement operator has protected dimension A = 2 for a line defect in a 4d CFT is a general
result, and follows from a Ward identity for the breaking of translations in the directions orthogonal to the defect, see e.g.
[11-13].
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Fig. 1. Four-point function of local operators inserted on the Wilson line from a Witten diagram on the AdS, worldsheet.

namely the scalars ®“, while the three AdSs fluctuations x! with m?2 = 2 should be dual to the
field strength operators F;; with A =2.°

In general, in AdS/CFT the closed superstring vertex operators are mapped to single-trace
gauge invariant local operators in the SYM theory. Including the open-string sector (with open
strings ending at the boundary) one should be able to describe the gauge-invariant operators (1.3)
that correspond to insertions of general local operators along the Wilson loop. In this paper we
will limit our considerations only to insertions corresponding to the operators with protected
scaling dimensions, that should be dual to “light” fields on the AdS; string world-sheet as de-
scribed above. It would be of course interesting to work out the strong coupling description of
insertions that develop large anomalous dimensions at strong coupling, such as, for instance, the
insertion of ®° [21]. It is natural to expect that the dual of this type of “heavy” insertions have
m? ~ 1/a’ ~ /A, corresponding to massive states of the open string. In terms of CFT| scaling
dimensions, this implies that at strong coupling the spectrum of operators on the Wilson line has
a large gap Agyp ~ A1/4, similarly to what happens for the closed string states.

The expansion of the Nambu action around the classical solution yields the interaction vertices
between the light fields. We will use these vertices to compute the corresponding tree-level Witten
diagrams in AdS; and extract the strong coupling prediction for the four-point functions of the
protected insertions on the Wilson line. This is depicted schematically in Fig. 1. The calculation
is similar to those in [22,23], however, we emphasize that the interpretation is different. In the
supergravity calculations of [22,23], one computes correlation functions of single-trace local
operators, dual to closed string states, and the expansion parameter is 1/N2. In our case, we
compute the correlators (1.3) of insertions on the Wilson line, and the expansion parameter for
the AdS, Witten diagrams is the inverse string tension, or ﬁ Note that the 2d theory defined by
the fundamental string action is expected to be UV finite, and thus the duality with the 1d CFT
at the boundary should hold for any value of the coupling. In particular, the calculation of AdS;
Witten diagrams involving loops should be well defined here.*

Note also that the AdS, worldsheet is not decoupled from the rest of the AdS5 x S bulk. For
instance, one can consider processes where the worldsheet interacts with closed string modes

3 The spectrum of quadratic superstring fluctuations is the same as in the case of “non-relativistic limit” of AdS5 x § 5
superstring [19] and was suggested [10] to be related via AdS,/CFT] to the O Sp(4*|4) invariant N = 8 superconformal
quantum mechanics of [20].

4 For instance, by computing loop corrections to the boundary-to-boundary propagator one can verify that the elemen-
tary excitations are protected, as well as check the strong coupling expansion of the function B(1).
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propagating from the worldsheet to a point on the boundary away from the line (note, how-
ever, that these processes are suppressed in the large N limit). This corresponds to correlation
functions such as (WtrZ”) [24-26] (and more generally one may consider mixed correlators of
defect operators and operators inserted away from the defect). The picture is similar to the one
discussed in [27-29] (see also, e.g., [11-13,30,31] for recent related work) where one considers
an AdS, brane inside AdS,+1, and there is a defect CFT living at the boundary of AdS,. In our
case, we have an AdS; worldsheet inside AdSs, and a codimension 3 defect in CFT4 (the Wilson
line) at the boundary of AdS,.”

Using the OPE expansion, we can also extract from the tree-level four-point functions the
leading strong coupling corrections to the scaling dimensions of the “two-particle” operators
built of products of two of the protected insertions (with an arbitrary number of z-derivatives in
between). For instance, we find that the SO (3) x S O (5) singlet operator with no derivatives built
of scalar insertions has the dimension

A 2 > + (1.6)
da P ﬁ e .
Let us again emphasize that these are not scaling dimensions of gauge invariant local operators
in the A" =4 SYM theory but are scaling dimensions of operator insertions on the Wilson line,
defined as in (1.3), (1.4)

_Coo
— 2Ap
I

(O(1)0(1)) = (rP[O(1) O(ty) ] #EA+TI)]) (1.7)

with O(t) = ®*®%(¢) in the present case. In principle, the spectrum of dimensions of operators
inserted on the Wilson line should be accessible from the TBA approach of [35,36], and it would
be interesting to reproduce our results in this integrability-based framework.® More broadly, it
would be important to see how integrability is reflected in the structure of the Witten diagrams
one computes in the AdS, worldsheet theory, perhaps uncovering an analog of the factorization
of the S-matrix in integrable theories in flat space.

While we focus on the straight line for most of the paper, our results can be also mapped to
the circle by a (large) conformal transformation, as explained in Section 6. For a particular class
of §3 insertions on the circular loop that are expected to be captured by localization [37-40], we
show in Section 6 that the result of the Witten diagram calculation in AdS; precisely matches the
exact prediction derived from localization to 2d YM theory.

As was appreciated in recent discussions of AdS,/CFT; in the context of dilaton-gravity
models [41-45] one can think of a system in AdS;, as having asymptotic 1d reparametrization
symmetry that is spontaneously broken down to SO (2, 1), which is the isometry of AdS, metric.
In our present case the original definition of the Wilson loop (1.1) has a reparametrization invari-
ance which is fixed by the identification x® =7 in (1.2), and the remaining conformal symmetry
is the SO(2, 1) subgroup of the 4d conformal group that preserves the line. It is important to

5 One may also consider the D3 and D5 branes dual to 1/2-BPS Wilson loops in higher-rank symmetric and antisym-
metric representations [32,33,15,34]: these branes have AdS; x $2 or AdSy x $* worldvolumes, and preserve the same
OSp(4*|4) symmetry as the fundamental string. Computing AdS, Witten diagrams in this case (after KK reduction on
the sphere factors) should yield the correlators (1.3) where the trace is taken to be in the symmetric or antisymmetric
representations of rank k ~ N.

6 1t would also be interesting to use integrability to reproduce a weak coupling Feynman graph approach to dimensions
of operator insertions on the Wilson line.
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stress that compared to the gravitational AdS, models in [41-45] our bulk action (2.4) is defined
in fixed AdS; background, i.e. does not contain gravity: before fixing the static gauge’ the string
action (2.1) is reparametrization invariant, but gravity never becomes dynamical in critical super-
string theory. In line with this, the boundary theory has no analog of the pseudo-Goldstone mode
[42] related to the (spontaneously broken) reparametrizations.

2. AdSs x S° string action in static gauge as AdS; bulk theory action

The bosonic part of the superstring action in AdSs x $3 has the standard form

1 1 9, y%0,y¢ A
Sp = —T/d%«/ﬁh‘“’[— (05" 03" + 8u20,2) + 2 T = YA o
2 z? (1+ 1y2)2 21
where o* = (¢, s) are Euclidean world-sheet coordinates, » = (0,i) = (0, 1, 2, 3) label coordi-
nates of the Euclidean 4-boundary and a =1, ..., 5 are S5 labels. The minimal surface corre-
sponding to the straight Wilson line at the boundary is described by

7=s, =z, x'=0, y'=0. (2.2)

The corresponding induced metric is that of AdS,, i.e. g, ,dotdo” = Siz (dt? +ds?).

We will study correlators of small fluctuations of “transverse” string coordinates (x’, y¢) near
this minimal surface that will thus propagate in the induced AdS; metric. The resulting global
symmetry of the bosonic action will thus be SO (2, 1) x [SO(3) x SO (6)]. To make the SO (2, 1)
symmetry (which will be the conformal symmetry at the corresponding 1d boundary theory)
manifest it is useful to choose the AdS, adapted coordinates and fix the static gauge in which
z and x© do not fluctuate. The relevant embedding of AdS; into AdSs is described by (x2 =
x'x', i=1,2,3)

PR D2, dxidx!
s = K ,
T a-02)27  a- L2y

1
ds3 = Z—z(dxg +dz?). (23)

Starting with the Nambu action and fixing the static gauge by the conditions on x¢ and z as in
(2.2) we get

1+lx2 2
SB=T/d2<7 det[ggw(a)+

X0y x! 0, y4 0y y* ]
(1- %xz)2

3
(1= 292 (14 3y?)?
= de%@ Lg, (2.4)

where g, = Slz‘suv is the background AdS, metric. This action can be interpreted as that of a

straight fundamental string in AdSs x S° stretched along z, i.e. from the boundary towards the
center of AdSs. It may be also viewed as a 2d field theory of 3 + 5 scalars in AdS; geometry
with manifest symmetry SO (2, 1) x [SO(3) x SO(6)]. Interpreted as a 2d bulk AdS, theory, it

7 Defining the Wilson loop expectation value in string theory in conformal gauge where one has two more (compared
to physical static gauge) dynamical coordinates and ghosts one would end effectively with an integral over boundary
reparametrizations (see [46—48]). In this case the identification between the operators on the Wilson line on the gauge
theory side and the string excitations appears to become more intricate. This question deserves further study.
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should thus have a CFT; dual living at the z = s = 0 boundary. As explained in the Introduction,
this CFT| can be viewed as the defect CFT defined by operator insertions on the straight Wilson
line.

Expanding this action in powers of x’ and y* we get

Lp=Lo+Lax+Loyoy+Lay+ ..., (2.5)
Ly=3g""9,x 9yx" + x'x' + $ 179, y%9,y* | (2.6)
Ly = §(8"79,x 8,x")% — 1 ("7 9,x 8,x7) (87 0px' 0cx)
+ Txixt (g 8,7 9,x7) + Axixt xixd 2.7)
Lox oy = 58" 0,x78,x7) (870, y 0, y*) — 3(g"V 8,8, y) (87 ,px 0 y?) (2.8)
Lay =—30"y")(€" 9,y 0, y*) + 5 (8" 0,y 00 y)?
— %(g*”auy“auy”) (87 9py“ 3 y") - (2.9)

Thus x’ are 3 massive (m* = 2) and y® are 5 massless scalars propagating in AdS.

One may also include the fermionic terms coming from the corresponding AdSs x S° super-
string action as in [16] (there will also be eight 2d fermions with mass 1). The resulting 2d theory
should be UV finite and thus should be dual to a quantum 1d CFT at the boundary for any value
NS
2

of the coupling 7' = 3. The coefficients in the correlation functions computed in perturbation

theory will be given by power series in %

At strong coupling (A >> 1) the correlators (1.3) are expected to be reproduced by the AdS,
amplitudes in the (super) string sigma model theory (2.4), with the operators O corresponding to
particular string coordinates X, i.e.

(O 0(12)...0 (1)) = (X (11) X (22).... X (1)) Agss, (2.10)

where (...)ads, is the expectation value in the 2d theory (2.4) corresponding to Witten diagrams
with bulk-to-boundary propagators attached to the points 71, ..., #, at the boundary. As discussed
in the Introduction, the X ~ y“ in (2.4) will correspond to the scalar operators O ~ ®¢ (a =
1,...,5) of dimension A =1 while X ~ x’ will correspond to the generalized field strength
components O ~ F;; with A =2.

The relation (2.10) can be understood as follows. The correlators (O (#;) O (7)...0(t,))) in
(1.3) can be found by first computing a wavy-line Wilson loop expectation value (W (C)), taking
functional derivatives over the contour function C(¢) and then setting it to be a straight line. At
weak coupling this procedure was followed in [9]. At strong coupling (W (C)) is assumed to be
given by the AdSs x $° open string path integral with Dirichlet boundary conditions (implying
that disc-like or half-plane like world-surface ends on a contour at the boundary of AdSs x S°). To
leading order in large /A expansion that means computing the minimal area of the correspond-
ing surface, i.e. the value of the (Euclidean) string action on the classical solution of the Dirichlet
problem. In the present case of the string action in the static gauge (2.4) interpreted as a 2d field
theory in AdS; this is equivalent to the standard AdS/CFT procedure of computing the gener-
ating functional for the corresponding CFT; boundary correlators or (X (#1) X (£2)....X (#1)) ads, -
Expanding the resulting on-shell value of the string action in powers of small deviations of the
boundary curve from the straight line will then give the correlators that can be equivalently
found by computing the bulk Green’s functions connected to the boundary points by the bulk-
to-boundary propagators. One can check the relation (2.10) explicitly at the 2-point level using
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the wavy-line solution of [49] (see also [50]), reproducing the string tree-level [49,51] and the
1-loop [52] corrections in the strong-coupling expansion of the B()) function in (1.4), (1.5).

The Lagrangian (2.5) has no cubic terms, so the contribution to the simplest 4-point tree-level
correlation functions of x’ and y* will be given just by the contact 4-point vertices in (2.7)—(2.9).
Below we will compute the corresponding Witten diagrams in AdS;, connecting the 4-vertices to
the boundary points by bulk-to-boundary propagators as in, e.g., [22,23]. As we will be interested
only in leading large A (tree-level) bosonic field correlators we will ignore the fermions.

Note that while we have made a particular choice of AdS5 coordinates in (2.3) the result for
the on-shell AdS; amplitudes (i.e. boundary operator correlation functions) should be invariant
under local field redefinitions (at least in the case of separated boundary points controlled by
conformal invariance).

After including fermions and fixing kappa-symmetry gauge the superstring action (generaliz-
ing (2.1), (2.4)) expanded near the 1/2 BPS straight line minimal surface should be describing
a globally supersymmetric field theory [16] for the O Sp(4*|4) multiplet of 8 + 8 bosons and
fermions in AdS,. Same symmetry appears on the dual gauge theory side. While in this paper
we will discuss only 4-point correlators of bosonic coordinates, this supersymmetry should allow
also to determine the correlators involving fermionic excitations.

3. Four-point functions and conformal blocks in CFT;

Before proceeding to computation of correlators of 2d fields in the AdS; theory (2.4), (2.5)
let us make some general remarks about the structure of four-point functions in CFT].

Local operators in a d = 1 CFT defined on a line R = {#} which are covariant under the
conformal group SO(2, 1) are labeled just by their scaling dimension A (and possibly by some
representation of an internal symmetry group which we suppress in this section). Let us consider
the 4-point function of an operator Oa (¢). The SO (2, 1) symmetry restricts the 4-point function
to take the form

1
(0] O o (0] =— , 3.1
(OA(t1)OA(12) OA(13) OA(14)) TR g 3.1

where x € (—00, 00) is a conformally invariant cross ratio

112134

= . (3.2)
113024

Note that the usual cross ratios u, v are not independentind = 1, i.e.

2.2 2.2
75t 174t

_ '12%34 2 _ "14%3 2

=52 =X V= 22=(1—X) . (3.3)
1ot 1ot
13'24 13'24

This is because the SO (2, 1) symmetry allows one to fix three points on the line, leaving a single
free real parameter as the position of the fourth point. For example, if we set 1 =0, 13 = 1,
t4 = 00, then x corresponds to the position #, of the second operator.

3.1. OPE expansion

As in the case of higher dimensional CFT, the function G(x) in (3.1) has an OPE expansion

GO =Y canamx" 2Fi(h,h, 2k, ), (3.4)
h
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where h is the scaling dimension of the exchanged operator, ca a:p = C%)A 040, /(C%)A 0x Co,0,)

are normalized OPE coefficients, and Xh 2F1(h, h,2h, x) is the exact conformal block in d = 1
[53].
We will also need the case of correlator of operators with pairwise equal dimensions

1 g |A12
0t0t0t0t=7—‘ L Apn=A—A,.
(OA, (1) Oy (12) Op (13) Op, (14)) o) 51752 | 113 G(x) 12 1 2
(3.5)
Here the conformal block expansion reads [53]
GO =Y carapn X" 2Fi(h+ A, h— Mg, 2, x) . (3.6)

h

Note that in (3.5) we have written the result by choosing the 12 — 34 channel (corresponding
to x — 0), which will be more convenient below. Of course, one may also write the 4-point
function in the form

1 .
(04, (1) O (12) 0, (13) On,y (12)) = 55— G(X) » 3.7
Iy Iy

where G(x) is related to G(x) in (3.5) by G(x) = x> G(x ).
3.2. Generalized free field OPE coefficients

It will be useful for what follows to collect some results for the OPE coefficients of generalized
free fields (see, e.g., [54-57,12]). In the case of the 4-point function of identical operators of
dimension A, the generalized free field 4-point function has G(u, v) = 1 +u® + (u/v)?, i.e. in
d =1 (3.3) is given by

2A

(020810215 On (1) = ———c[14 22 4 2] (3:8)
(t12134)%4 (1=l '

where we assumed unit normalization of the 2-point function. The operators exchanged in the
OPE are just the identity and the tower of “two-particle” operators

[0404],, ~ 0ad}"OA (3.9)
of dimension 2A + 2n, n =0, 1, .... The corresponding OPE coefficients are given explicitly
by

2[M(2n +2A)'T2n +4A — 1)
CAA2A+2n = 3 , (3.10)
[FQA)]T@n+ DI (@n+4A—1)
as one can verify from the identity
o0 x24
Z CA,A:2A+2n X2A+2n 2FIRA+2n,2A+2n,4A +4n, x) = )(2A + m . (3.11)

n=0

While operators with odd number of derivatives do not appear in the OPE of identical OA’s, it
will be useful for the case of operators carrying a flavor index (where odd n can appear in the
antisymmetric channel) to note the following result for the sum over odd 7:
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e 9]

ZCA’A;2A+2H+1 X2A+2”+12F1 QRQA+2n+1,2A+2n+1,4A+4n+2, x)
n=0
2A
2A X
=— —_—. 3.12
X"+ - )2 (3.12)

In the case of pairwise identical operators, we have (cf. (3.5))

1 A

(t12134) 2152

4

1 2
(O, (1) 0, (1) 04, (15) O, (1)) = 55, XA (3.13)

13 ba

13

Here the operators exchanged in the small x expansion are [Oa, Oa,ln, ~ Oa, 9/ On, for all
integer n (both even and odd). The corresponding OPE coefficients are found to be

(=D"T(n+2A)T'(n+2A2) I'(n+2A1+2A,— 1)

. — . 3.14
CALAR A A = T O NS T OAN T+ )T (20 + 281 + 24, — 1) G-19)

Indeed, one may verify that this agrees with the OPE expansion in (3.6) by checking that

o0
ZCAlvA2§A1+A2+Vl xBTS LAY 41, Ag 1, 281 + 240 + 20, x) = xA1TA2,
n=0

(3.15)

4. Four-point function of S° fluctuations

In this section we compute the tree-level 4-point Witten diagram of the S° fluctuations y* in
the AdS; actionin (2.5). As reviewed above, these are dual to the 5 SYM scalars %, a=1,...,5
(that do not appear in the exponent of the half-BPS Wilson line operator) inserted along the line.
The strong-coupling limit of the SYM correlator 1.3 should be given by the tree-level string
coordinate amplitude as in (2.10).

By conformal symmetry, the 4-point function should take the form (3.1), i.e.

(Y () Yy (02) Y (13) Y™ (14)) Ads, = (P (1) PP (12) DD (13) DU (1))
2
[Co(h)]
=">% 3 GURBU(y) 4.1
al34
where y is the conformally invariant cross ratio (3.2). In writing (4.1), we used the fact that the
operators ®¢ have protected dimension A = 1, i.e. that their exact two-point function is®

Co(A)
——.

(Y (1) y™ (12)) ads, = (P (11) P (1)) = 6“1 5
i

4.2)
In (4.1) we factored out [Cq>(k)]2 so that in the OPE limit x — 0 we have G#1@%B4 (y) =
§NR2§5% 4 O(x). The two-point normalization factor C¢ (L) is related to the Bremsstrahlung
function defined in [14,36]. We can always absorb this factor in the normalization of the opera-

tors, and we will do so in the following by choosing a canonical form of the bulk-to-boundary
propagators.

8 Once again, when referring to operators of 1d CFT we understand them as insertions on the Wilson line.
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Fig. 2. The disconnected and connected contributions to the 4-point function.

The function G#19293%4 (x) (which is also a non-trivial function of the coupling A) can be
decomposed into its S O(5) singlet, symmetric traceless and antisymmetric parts,

Galaza3a4(X) — GS(X)8a1a28a3a4 + GT(X) <5a1a38a2a4 + 8a2a38a1a4 _ %801a28a3a4)
+ GA(X) (6a1a38a2a4 _ 8(12(138(11(14) .

4.3)

At strong coupling, these functions are expected to have the expansion (working in perturbation
theory)

1)

Gs .40 =Gyr A0+ —=G§p 400+ ... @.4)

1
—G
Vv
The leading terms here correspond to the disconnected contribution to the 4-point function,
namely diagrams with two “boundary-to-boundary” propagators, (see Fig. 2), and are given by
the generalized free field expression (cf. (3.8))”

(@4 (1) D (12) DD (13) D™ (14) ) disconn.

2 2
— [Cf ()\'2)] Sa1a2 gazas + X25a1a38a2a4 + X 28a1a48a2a3] (45)
ol (I—=x)
which yields
2
X
6P0=1+36000 . =3+ T 5]
2 (4.6)

(0) 1.2
Yoo =4[ - 2]

A ? (1= x)?

The functions appearing at order % in (4.4) correspond to the leading contribution to the

connected 4-point function at strong coupling, which comes from tree-level connected Witten
diagrams. These are given by the 4-vertices in (2.9) with four bulk-to-boundary propagators at-
tached.

9 Note that the separation between a connected and a disconnected contribution defined in (4.5) is natural from the
point of view of the AdS, worldsheet perturbation theory, to all orders in 1/+/4: in general, the disconnected contri-
bution is given by a pair of loop-corrected boundary-to-boundary propagators. In the weak coupling limit, on the other
hand, it is straightforward to see that the leading contribution in the planar limit is (@1 (¢]) D2 (1p) D93 (13) D (14))) ~

2 2
12};2 (8‘”“2 §93a4 4 a XX)Z 89144 §9293 ) "which is not exactly of the form (4.5), indicating that the connected contri-
1234 -

bution, defined from the point of view of the AdS; perturbation theory, should, in fact, contribute at leading order at
small A.
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We will adopt the following normalization of the bulk-to-boundary propagator (in general
dimension d)

<
2+ (x—x)?
(A @.7)

Cowir(a41-9) ]

A ~
KA(z,x;x’)=CA[ ] =Ca Ka(z,x;x),

Ca

In this normalization [58,59], the tree level two-point function of the dual boundary operator is
(OA(x1)OA(x2)) %.]0 In the present case of d = 1 and A = 1, we then have (1 = xO)

12

1 z
Kazi(z, t;1) = —

1
_—, Caz1=—. 4.8
724+ (@ —1)? A== (4.8)

When one has only quartic contact diagrams (as in our present case), all tree-level 4-point func-
tions can be written in terms of the D-functions [22,61,62] defined in the general case of AdS 41
as

DA ayasa, (X1, X2, X3, X4)

dzd%x - - - -
= WKA](Z»X;XI)KAZ(Z’XQXZ)KA3(17X;X3)KA4(ZJC§X4)- 4.9

Note that derivatives in the vertices can be dealt with by using the identity (here 9, = (9, 9,),
r=0,1,2,....,d — 1 and g"¥ = z?6"")

"8, K, (2, x5 x1) 3y K a, (2, X3 %2)
=A1A; [IQ1 (2, %, x1) K ay (2, %3 %2) = 2x K ay 112, X3 x1) K ay1 (2, X5 m)] -

(4.10)
4.1. Connected part of the four-point function

Returning to our case of d = 1, let us write the tree-level connected 4-point function (4.1) of
y% coordinates in (2.5) as

2
VA

where (4, is obtained from the vertex L4y in (2.9). Explicitly, we find

(DU (1) D2 (12) DU (13) D (14) ) comn = —= (Ca=1)* QY2 (4.11)

r@)
7420 (A—d)2)
_ (2A—d)Cp
- 2A .

12

10 Note that this differs from the normalization adopted in [60], where Cp = was used. In that normal-

ization, the two-point function of the dual operator is (Oa (x1) O (x2))
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ajarasa 2 2
Q4]y R [3D1111 — 2t13D2121 - 2t14D2112 2t53D1221 — 2t5, D1212

+4(tf3ty 154135 — 1134) Daxna 54125
+ [3D1111 - 2t122D2211 - 2t124Dz112 - 2t223D1221 — 2l324D1122
4.12)

2.2 2.2 2 2 1 saras saras
+ 4134 + tiytyy — ti3t54) D2go (5716

2 2 2 2
+ [3D1111 — 2t D11 — 2t{3D2121 — 2t5, D1212 — 215, D122

2.2 2.2 2.2 i
+ 41134 + ti3tag — tigty3) Doogo [§14484%

To write the result in a manifestly conformally invariant form, it is convenient to introduce the
“reduced” D-functions that are functions of cross-ratios only. In general d, they are defined in
terms of (4.9) as [62] (£ = Z Ay)

DA1A2A3A4
n%F (2 _ %) i(tE A1—Ay) 32(E—A3—A4) D ( V@13
= , V). .
2T (AT (AT (A3)T (Ag) 2R 28, ArhzAs Al

*13 X24
D A1A,A3A, can be written explicitly as the following Feynman parameter integral
DA1A2A3A4(M1 U)

=/dad,3dy S(a+p+y—1)alilgha—tly, Al FE-A9T Ay

(ay +aBu+ By v))}A4 .

(4.14)

Ind =1 where u = x2, v= (1 — x)*> we get Da,a,n;a, as a function of a single variable
x. When the indices A; are integers, the integral (4.14) can be evaluated explicitly. The basic
example appearing in our calculations is

N _ 1 2 1 2
Diin G0 =-—log (x*) = tog[(1 - 7] (*.15)

One can check that this agrees with the d = 1 limit of the well-known result in general d

_ 1 B 1—1z . .
Diin1(u,v) = ————:[1og<zz>log(————:>4—21A2<z>—-2142(z>],
72—z 1—-2

u=zz, v=>0_1-z(1-2)

(4.16)

after we set z =z = x (cf. (3.3)). The D-functions with higher integer indices can be either
evaluated directly using (4.14), or expressed in terms of derivatives of Dj11; using the identities
listed in [62].

Evaluating all the relevant integrals, the final result for (4.11) takes the form

C: aaaa
«wwwmwmw%mm=%§—w”m (4.17)

12°34
where we factored out (CA:1)2 so that G‘(lll)a 20304 (4 corresponds to a canonical unit normaliza-
tion. Separating out the singlet (S), symmetric traceless (7') and antisymmetric (A) channels as
in (4.3), (4.4)
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GEPO (o)

— %[Ggl)(x)(galazaayu + Gg"l)(X) (8a1a38a2a4 4 §%a3 garas _ %51111126(1304) (418)
+ GS)(X) (8a1a3802a4 _ 8“2038‘11‘14)] ,
we find
" 2(x* —4x> +9x* — 10x +5)
Gy ' (X)=— 5
S(x—=1
X2 (2x* — 11x3 +21x* — 20y + 10)
+ 3 log | x|
5(x—1D
2x* =553 =55 +10
- 5 log|1—xI,
X
2 2 4 2
1 x“(2x —=3x+3 X (x“—=3x+3
Gy () =— (2(x—1)2 ) <(X_1)3 Diogixl — ' loglt — 71, 19
A 2(x — 1)? (x — 13
— (= x*=Dlog|l — x|

Here and in what follows log|x| = %log(xz) and log|l — x| = %log [(1 — X)Z] where x €
(—00, 00). Alternatively, we may assume that x € (0, 1) (which, in particular, is sufficient for
considerations of the OPE below) and thus omit the absolute values, log | x| — log x and log|1 —
x| — log(1 — x). This is sufficient for obtaining the expressions on the entire real line using
analytic continuation in x (and crossing symmetry).

We can expand the above functions in the OPE limit x — 0 as

1 1
GV = 2% (=60log|x| — 43) + 2 x* (—60log x| - 73)

1
+@x4(—25210g|x|—117)+..., (4.20)
GO0 = —2x% = 23 + = x*(=36log x| — 18) + 421)
r (X ==35X" =5X + 15X oglx| (.
1 3
GS)(X)z6X3(2410g|x|+7)+Zx4(810g|x|+5)+... . (4.22)

Since the term of order x2 log| x| is absent from G(Tl)( X ), this result implies that the symmetric
traceless “two-particle” operators ®“@®? do not have an anomalous dimension. This is as ex-
pected since these operators, such as Z/ with Z = ®! + i ®? (inserted into the Wilson line) are
BPS and hence protected [5,36].

On the other hand, the singlet ®?®“ acquires an anomalous dimension due to the presence
of the x2log|x| term in (4.20). The same is true for other two-particle operators encoded in the
higher powers x2*"log|x|. We will extract their scaling dimensions systematically in the next
subsection. Note that in the antisymmetric channel there is no operator of dimension 2 + O(ﬁ).

While one can consider the insertion of the operator [®¢, b ] on the Wilson line, this operator sits
in the same supersymmetry multiplet as ®° [9] and thus is expected to acquire a large anomalous
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dimension at strong coupling (presumably of order A!/4 [21] at large ). Thus, it is expected to
decouple from our perturbative calculations.

4.2. Scaling dimensions of two-particle operators from OPE

Each of the functions Gs(x), Gr(x) and G 4(x) in (4.18) is expected to have an OPE expan-
sion of the form (3.4). To the leading order, where the 4-point function is given by the generalized
free field expressions, the exchanged operators entering this expansion are the “two-particle” op-
erators of the form ~ 49} ol (as always understood as attached to the Wilson line), as reviewed
in Section 3.2. These can be decomposed in the irreducible representations of SO (5)

[@PI5, ~ D870,  [dd]], ~ 0P  [0ed]s  ~ 4P T ol
(4.23)

The connected 4-point functions computed in the previous subsection encode the ﬁ correc-

tions to the scaling dimension of these operators, as well as the correction to the correspond-
ing OPE coefficients. However, a difficulty arises in directly extracting this CFT data from
the 4-point functions because of operator mixing.!! Due to degeneracies in the leading order
two-particle spectrum, at the interacting level some of the operators in (4.23) can mix with two-
particle operators with the appropriate quantum numbers built out of generalized gauge field
strength F;; or fermions (recall that the 8 fermions transform in the (2,4) representation of
SU2) x Sp(4) =~ SO(3) x SO(5)). The singlet operators [dbtb]gn with n > 0 can mix with FF
and two-fermion states, while the antisymmetric [@@]ﬁ‘n 41 can mix with two-fermion states in
the (1, 10) of SU(2) x Sp(4).

Let us start our analysis with the symmetric traceless channel. In this case, we expect that the
corresponding operators [<I><I>]2Tn should not be affected by mixing because there are no other
two-particle operators with the same quantum numbers. We can write

1
Gro =Y enx" Fa) =GP 00+ —=G 00+ ... . (4.24)
h ﬁ
Fi(x) = 2Fi(h,h,2h, ). (4.25)

where the sum is over the primaries [d>d>]2Tn appearing in the OPE. At large A, we can write their
dimension and the OPE coefficient as

1 1
— M _ .0 o
h=242n+ \/Xy[‘b‘b];n ch _c<1><1>[<1><1>]2Tn + ﬁc®©[¢¢]zrn +.... (4.26)
Plugging the expansion (4.26) into (4.24), we get (see (4.6))
0 0
> Comoa X P00 =GP G0 = 5[+ ] (4.27)
n=0

Comparing this with the generalized free field result in (3.10), the leading OPE coefficients are
found to be
o [F@n+2)] T@n+3)

_ . 4.8
“oa(00l], T T(2n+ 1) [(4n + 3) (29

11 We thank Marco Meineri and Carlo Meneghelli for useful discussions on these issues.



514 S. Giombi et al. / Nuclear Physics B 922 (2017) 499-527

From the terms of order L}» in the expansions (4.26), (4.24) we find the anomalous dimensions
and corrections to the OPE coefficients. Expanding

2420+ y My
Py T = (L ey Ologlx ) (4.29)

we see that the anomalous dimensions are determined by the log| x| terms in G(T])( X), via

e 9]

0 1 1
O O Fr, 0 =[G 0]

vo[oo]] Voo (4.30)

log x|’
n=0

where [G(Tl)(X)]logb(l
for any n with the help of the orthogonality relation [54]'?

is the function multiplying log|x| in (4.19). This equation can be solved

dz 1 _A—n!

S A Fan@ 2 AT P Ay @) = Sy (4.31)
2wi z

where the integral is over a contour around the origin in the complex plane. This result is valid
for any A, and can be verified, for instance, by using the series expansion of the hypergeometric
function in (4.25). Using (4.31), we get from (4.30)

1 d
W o H X3 0
Vool = KO % i X F_12.(x) [GT (X)]log\xl‘ (4.32)
oP[dd]T
Evaluating the residue, we find that the result takes the remarkably simple form
O = —2m%—3n. (4.33)

y[(bcb]zTn

Thus the strong-coupling expansion of the scaling dimension of the operator O (t) = [@@]gn ~
ol 812" " inserted in the Wilson line as in (1.3) is given by

2n? 4 3n 1

7 +0()\). (4.34)
The vanishing of the anomalous dimension for n = 0 reflects the fact that the operator ®@®?)
is protected. The operators with n > 0 are unprotected and belong to a long superconformal
multiplet. Note that the anomalous dimension is negative for all n > 0, indicating an effective
attractive interaction between single-particle states.

Plugging the expansion (4.26) into (4.24) results also in the following equation which deter-
mines the leading strong-coupling correction to the OPE coefficients

Aoy, =2+2n -

00
1
2+42n [ (D) (V] (€] —[a®
Z x " |:C<D¢’[¢<D]2Tn Favon(x) + Ec‘b‘b[‘l"b]zTn V[<D¢)]21n On F2+2n(X)] = [GT (X)]no—log Ixl >
n=0
(4.35)

12 3G is grateful to Vladimir Kirilin and Eric Perlmutter for many related discussions and collaboration on technically
similar CFT calculations.
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denotes the part of (4.19) which does not involve the log|x| term. It

1) .
oo[00]] for any given n. For example, the results for

n =0, 1, 2 including both order zero (4.28) and % correction are

(1
where [GT (X)]no—l(Jg [x1

is straightforward to use this to extract ¢

3 3

Cospporf =1 = 7= F o Cooree =3
5 335

Covodl] = 45 + 37875

3
—_— ...,
201

(4.36)

+...

For general n, we observe that the O(%) correction to the OPE coefficients in (4.26) is given
by the simple formula

10
(D _ 29 O (1)
Cooio0ll = 255 <C<1><1>[<1><1>]§” y[<b<b]2Tn> : (4.37)

A relation of this type was found empirically in [54] and proved in [55] (see also [63]). Explicitly,
we get

o o _[Cent2P o
C<D<D[<I><I>]27n T T@n+3) [ (3 +34n + 56n° + 24n°)
+4n(n+ 1)2n + 1)(2n + 3)(Han+3 — Hzn)] ’ 4.38)

where H, =) }_, % is the harmonic number.
In the singlet and antisymmetric channels, the leading order OPE coefficients are determined
by

o0 2
1
(0 2+2n _ O 1.2 X

1+ §c¢¢[¢¢]§nx B0 =65 G0 =1+ 5[+ 725 ]

o (4.39)

o 3420 0 Iro %
Zocd)q)[q,@]?n+1 X Fn(0) =G, () = E[X . x)z] )
n=
and using the results in Section 3.2 are found to be

o 2[T@2n+2)]’ T2n +3)
¢ = ,

®OOPL,  ST(2n+ 1) T'(4n +3) (4.40)

5 .

O _ [F@n+3)]"T@2n+4)

O[O, T [Q2n+2)T@n+2+3)

In view of the orthogonality relation (4.31), we can extract the anomalous dimensions as
1 d

n ax  —3-m )

V[CDCD];,, - C(O) % 2 X F—1—2n(X) [GS (X)]10g|X| ’
OP[PD]S
1 dy (4.41)

M _ dX 40 0

V[q,q;]?nﬂ = C(O) f ri X F_o_2,(x) [GA (X)]logbd .
POPPL;,

Evaluating the residues we find, as in (4.33), simple quadratic polynomials in n
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M 52 ) — 22 _ 545 _
y[dw]gn =-2n"—3n-35, y[d><l>]§‘n+1 =-2n"—5n—4. (4.42)
However, due to the mixing issues described above, these expressions should be viewed as “av-
erages” of the anomalous dimensions over the operators appearing in the mixing (weighted by
the corresponding OPE coefficients).'® The exception is the singlet operator ®*®¢ with n =0,
which cannot mix with any other operator. In this case, (4.42) yields

5 1
Apapea =2 — — + O(-). 4.43
DD ﬁ+ (A) (4.43)

Following similar approach as used above in the [QDdD]ZTn case, we can also extract the corre-
sponding OPE coefficient

2 43 n
c s==— ——
*OeR =5 T 3077

It is interesting to notice that in all of the above expressions (4.34), (4.42) the large n limit of
the scaling dimensions has the same asymptotic form

(4.44)

252
Aps1=2n— —+... . (4.45)

Vi
We will find below that (4.45) is true also for the scaling dimensions extracted from the mixed
x2y?-correlators and x*-correlators. Note that this implies that the perturbative result should not
be trusted when n becomes of order /A, because then the leading term is comparable to the
first perturbative correction (also, in such regime, contributions of massive string states should
be already important, presumably corresponding to non-perturbative corrections to the 4-point
function). Nevertheless, the form (4.45) is suggestive of a semiclassical limit with n, VA > 1and
V= Lx fixed. Our results then suggest that in this limit the dimensions of such “two-particle”

operators have a universal strong-coupling form

Ap =2 f(v), F)=2v—2024+00%). (4.46)

This behavior may be captured by a semiclassical string calculation, analogous to the one in
[5,65,66] where the insertions carried large R-charge, while here we just need large SO (2, 1)
quantum number and no R-charge.

5. Four-point functions with AdSs fluctuations

Starting with the AdS, Lagrangian (2.5)-(2.9) we may also compute other four-point correla-
tors involving AdSs coordinates x* which are dual to the dimension A =2 operator F;; inserted
on the Wilson line. Explicitly, below we will compute (cf. (2.10))

()X (1) Y (13) Y (t4)) Ads,
= (F)' (1) F2 (12) ©U (13) D (14) )) = 871125142 G (5.1)

.2
Iio13

13 See [64] for a similar discussion in the context of 1 /N corrections to 4-point functions of single trace operators in
N =4 SYM theory at strong coupling.
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(11 (1) X2 (12)x"3 (13) x™ (14)) Ads,

i i i i Gii2isig
(Y (1) T2 () 5 (1) o (1) ) = S X)

3 (5.2)
12%34
Since the Wilson line is 1/2-BPS these two correlators should be related to the correlation func-
tion of four S fluctuations by supersymmetry transformations.

5.1. Two AdSs and two S° fluctuations
The leading-order contribution to the connected part of the correlator (5.1) may be written as

(cf. (4.7), (4.8))

G 2
T(X) = "=(Ca=1Ca=2)*Quy . Geom(x) =Caz1Ca2 Gy(x) . (5.3)
1213 Vi

where

drdst .. = - cn = -
0y = — | 5[0 Rat)2, Ra(1208"7 0, K (100 K (1)

— 8" 9, Ka(11)3, K1(13)877 0, Ka(12) 05 K1 (14)
— "9, R0, K1 (10)87 0, Ra(12)9 K1 (1) |
= 4(02211 + 2t122D3311 - 2112303221 - 2l223D2321 - 21124D3212 - 2t224D2312
+ 21324D2222 + 4t1241223 D33y + 4t 1231224D3322 — 4t 1221324D3322) . (5.4)

As a result, the function G(1)(x) in (5.3)

4
Gy ==—=[1=(z=x )l —xI]. (5.5)

Similarly to the discussion in Section 4.2, we may also extract the scaling dimensions of
two-particle operators appearing in the OPE. In this case the relevant operators are

[®“Filn ~ 0, Fi (5.6)
that have dimension 3 +n + O (%) and correspond to mixed xy two-particle states. Let us first
rewrite the 4-point function (5.1), (5.3) by relabeling f, <> 13

Caz1Cama (134\1/2
(i (1) & (2)F 1 1) & (1) eomn = 5855 =52 (34) 7 G 00, (5.7)
(tia134)7/= Miy
where from (5.5) we get
- 4y’ 11l
G0 =G =-"=[1+G -0l | (5.8)
The corresponding disconnected contribution appearing at leading order is (see (3.13))
1 13,\1/2
GO0 =55 (2) X (5.9
(tia134)7= Mi3

Using (3.14), this determines the leading order OPE coefficients appearing in the expansion (3.6)
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0) Fn+2)I'(n+4T'(n+5)

. 5.10
CoF[oF], = 6Tn+ DI Q2n+5) e

To extract the anomalous dimensions, we can use the following generalization of the orthogonal-
ity relation (4.31)

dz 1

%2 A+nFA+na(Z)Z A nFl A—n’ a(Z)—(Sn n' (5.11)
7Tl

Fra(@) =2F1(h+a,h—a,2h,z).

In our case, we need A =3 and a = 1, see (3.6). Then the anomalous dimensions are given by

1 d
1 X _
Yok, = o — P 35 X P20 250 @x = 1. (5.12)
CoF[OF],
where we have used that [G)(Cly) ( x)]log =2 %32y — 1). Evaluating the residue, we find
2
O =T 2 (5.13)
VieFl, =~ 75 5 : .

Let us separate the cases of even and odd n. For even n we expect that the operators [®[F],, can
mix with two-fermion states in the same representation.14 For odd n, on the other hand, we do
not expect mixing with two fermion states, and from (5.13) we get

2n’ 4+ Tn+5 1
— 4+ 0(7). (5.14)
Vi A
For large n, we recover the universal form (4.45), (4.46) found from the analysis of the
y-correlators. Note that the dimension Aoy, in (5.14) is the same as A g4 in (4.34) for
2n'

A[@F]y,, =4+ 2n —

n’ =n + 1. This is consistent with the fact that these operators should belong to the same long
supermultiplet.

5.2. Four AdSs fluctuations

Finally, let us compute the four-point function of the three AdS fluctuations x’ (5.2) using
similar normalization for the connected part as in (5.3)

GURBI (x) = (Ca=2)> G T (1) (5.15)
with (cf. (4.18))
l(lll)2l314( ) 5i1i28i3i4Gg‘1)(X) + qul)(aili_z,sizm _ 8i1i48i2i3)
+ Gy (8111357204  §iviagiais — 2girizgisie) (5.16)
The irreducible SO (3) singlet, symmetric traceless and antisymmetric parts are found to be

14 The product of two (2, 4) representations of SU(2) x Sp(4) contains the (3,5) of SO(3) x SO(5). The vector of
SO (5) corresponds to the antisymmetric symplectic-traceless representation of Sp(4).
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(24x% —90x7 + 12556 — 76> + 125x* — 306 x> +438x* — 288 + 72)

(1
G =—
2(4x0— x> —6x+12
_A 3 )logll—xl
X
2x* (4x® —21x° +45x* — 503 +30x% — 61 +2)
= log|x1 , (5.17)
3(x—D
4 3 2 4
m (48x* —198x3 +313%2 —230x + 115) x* 1 .
G =— ——8x =3 x*log|1 —
7 (0 20— 1) 2()( )x " log|l — x|
4(8x0 —45%> +105x% — 130x3 +90x2 — 30y + 10) x*
1 37 5 X T X ) gyl 518
Ix—1
G(l)(x)z_(x—2)(48X6—90x5+91x4+4x3—17x2+18x—6)x
A 12(x — D*
1 5 4
—1(4)( —3x +2>log|l—x|
(x —2) (8x* =273 +41)% —28x +14) x°
S SS IS SS S S (5.19)
2(x— 1

The two-particle states encoded in the OPE of the 4-point function of x fluctuations are

[FF13, ~ F,;02"F;, [FF1Z, ~F 82" F (FF1%, 1 ~ Fpd ™' F . (5.20)

The calculation of their anomalous dimensions follows the same steps as outlined in the previous
sections. The disconnected contributions to the 4-point function are (cf. (4.6))

4

0 0 0 X
6P w=1+36P 0. =1+ 7L %]
A (5.21)
©) 1[4 X
G0 =4[x - |
A O=3|x 1= )
from which, using (3.10), we find the leading OPE coefficients
2
©) [FQn+4]"T2n+7)
c = s
FFFFI3, ~ 54T (2n+ 1) T'(4n +7)
© [F@n+4]'T@n+7) o [F2n +35)]T(2n +38)
c = s c =— .
FFIFFI}, — 36T (2n+ 1) [(4n +7) FF[FFl5, 36T (2n+2) ['(4n +9)
(5.22)

Then starting with the OPE (3.4), expanding in powers of % and using the orthogonality relation
(4.31), we find
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M # d_X —5-2n o) a2 B
V[FF]gn o C(O) 27Tl X F_3_2n(X) [GS (X)|log|)(\ —_— 2n 7]1 2
FF[FF)3,
1 d
m _ b fax 5 oy 1) A B
V[FF]ZT,, o C(O) f 27.”-X F_3_2,(x) [GT (X)]10g|X| =-2n Tn —5
FF[FF)T,
M = # d_X —6—2n (1) a2 3
y[]FIF]é*n+l - O 2]_”.)( F_42n(x) [GA (X)]loglxl =—2n 9n —17.
FF[FF]3,

(5.23)

As explained in Section 4.2, the singlet operators []FIF]gn can mix with ®® and two-fermion
operators, and also [IFIF]fn 41 can mix with two-fermion states in the same representation. There-
fore, the corresponding anomalous dimensions above should be viewed as averages and more
work would be needed to disentangle the mixing. The symmetric traceless operators [IFIF]ZT" are
not expected to mix, and from (5.23) we hence get their dimensions to be

2 +7Tn+5 1
—_—— 4+ 0(>). 5.24
7 + (A) (5.24)

Note that A[lern is the same as Afgpy,,,, in (5.14) and also A[¢¢]§,1+2 in (4.34), indicating that

A[szrn =4+2n—

these operators belong to the same supermultiplet.
6. Circular Wilson loop: comparison to localization

In the above calculations we assumed the straight Wilson line at the boundary. However,
one can map the straight line to the circle by a conformal transformation, which allows then to
translate correlators of operator insertions on the line to those on the circle. Explicitly, we can
perform the transformation t — tan(t/2), where —m < t < 7 is the coordinate along the circle.
Under this transformation, the two-point function of an operator O inserted in the Wilson loop
changes as

C 0 CO
(0a()Oa(@)ine = 55— {O0a(m1) Oa(72))circle = —————5x - 6.1
) (2sin 72)
Note that the expectation value of the circular half-BPS Wilson loop is not trivial and given at
large N by the well-known expression [6—8]

2
(Weircle) 7 il (\/X) ) (6.2)
and hence the double-bracket correlator in (6.1) requires a normalization factor given by this
expectation value.
On the string theory side, the transformation from boundary line to circle simply amounts to
changing coordinates on the Euclidean AdS; worldsheet from the Poincare metric we have been
assuming above to the hyperbolic disk metric

ds3 = dp* +sinh? pdt?. (6.3)

All of our results for the four-point functions of insertions on the line can be then translated to
the circle by simply replacing the coordinate-dependent prefactors as
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! 1
BRI in D574 )280 (6.4)
t‘ZZAI t324A2 (2sin %)Ml (2sin B 2f4 )28
and the conformally invariant cross ratio x in (3.2) is mapped to
i =T 0 13T
sin 152 sin 25+
. : = (6.5)

 sin 155 sin 255

In the case of the four-point function of 3 fluctuations, it appears to be possible to compare
our results to some localization prediction. In a series of papers [4,37-39,67] it was proposed
that correlation functions in a subsector of supersymmetric Wilson loops and local operators in
N =4 SYM can be computed via localization in terms of 2d YM theory. The relevant Wilson
loops, first introduced in [68], are defined on generic contours on an 52 subspace of R* (or S4),
and couple to three of the scalar fields in the SYM theory, say ®;, ®,, 3, in a way prescribed
by supersymmetry:

W(C) = trPefc(iAi+euxt@l)ax) (6.6)

where x; parametrize a unit two-sphere x12 + x% + x% = 1. With such couplings to scalars @',
the Wilson loops (6.6) are 1/8-BPS for generic contour C. These operators are mapped under
localization'” to usual Wilson loops in 2d YM on S2. The 1/2-BPS circular Wilson loop is a
special case obtained by choosing the contour to be a great circle on S2. For instance, taking the
equator x; = cos(t), xp = sin(t) gives the 1/2-BPS operator which couples to @3 only. In this
section, we will use this convention for the scalar that couples to the 1/2-BPS Wilson loop, to
adhere with the definition (6.6) used in the original papers.

The relevant local operators appearing in the localization setup are chiral primaries with spe-
cific position-dependent combination of scalars, which were first studied in [69]. Recall that a
convenient way to write a chiral primary is in terms of an auxiliary null 6-vector €

(e- @), 2 =0. (6.7)
The local operators that are captured by localization are inserted on the S and have the form

(X1 @1 +x2®y + x3P3 +idg)’, P bai=1, (6.8)

where x1, x2, x3 is the point on S2 where the operator is inserted. This means that the null
6-vector is position-dependent and given by €(x) = (x1, x2, x3,7,0,0). These operators are
mapped by localization [39,38] to powers of the Hodge dual (i % F)” of the 2d YM field strength,
and one can then compute general mixed correlation functions of Wilson loops and local opera-
tors using the 2d YM theory.

A crucial property of the operators (6.8) is that their correlation functions are position inde-
pendent, at any coupling [69]. From the point of view of localization to 2d YM theory, this can be
understood as the fact that correlation functions of the field strength dual % F are position inde-
pendent.'® In addition to considering correlation functions of Wilson loops with local operators
inserted away from the loop, as in [25], one can also insert the local operators (6.8) along the
Wilson loop, which is our main interest here. A calculation of this type was carried out in [70],

15 To be precise, this has not yet been proven completely rigorously, as the calculation of the determinant for the
fluctuations around the localization locus was not computed in [39].
16 This is because the 2d YM equation of motion is d * F =0, and % F is a scalar.
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where the calculation in the 2d theory (to the leading order considered there) was found to be in
agreement with the integrability-based results of [71].

To make contact with the calculation in Section 4, we should consider the 4-point function of
the operators (6.8) inserted along the circular loop

(e(T) - (1) €(12) - P(12) €(13) - P(73) €(T4) - P(74) Ncircle » (6.9)
where, since the operators are inserted on the great circle in the (12)-plane, the null 6-vectors are
given by’

e(tx) = (cos 7, sin i, 0,4, 0,0) = ¢, k=1,...,4. (6.10)
Let us first check that the two-point function of such operators along the circle is indeed position
independent. We have

cm et Lo o). (6.11)
(2sin %) 2

As expected, the factor in the numerator coming from the t-dependent null vector cancels the
position dependence of the denominator.

To find (6.9), we just have to contract the SO(5) index structures in the result in Section 4
with the vectors €. Note that

{e(t1) - D(11) €(12) - P(12) circle = Ca(A)

61'6263'64:(25i1’1t1;r2 25in%)2, w:)(z,
€]1-€3€2-€4
€] €2€3 €4 x? (6.12)
€1 -e4€2-€3  (1— )2
Using these relations and the decomposition in (4.18), we find for the unit-normalized connected
part of the 4-point function

{(e1- D(11) €2- P(12) €3 - P(13) €4 - D(T4))) oo

«E Pe - q)»cncle
I[G“)( 0 - G“’(x)+ L6 00 +6000) (6.13)
+(X—X)(G‘”<> G5;><x>)].

Plugging in the explicit functions of cross-ratio from (4.19), one can verify that the position
dependence completely cancels out and we end up with
€1-D(11) €2- D(12) €3 - P(13) €4 - D(1g) )22 3 1
{(e1- @ (11) €2 DP(12) €3 - D(13) &4 (4)))Cme=___|_0(_). 6.14)
«E Qe qD»mrcle \/X A
Let us now compare this result with the prediction of localization. One should compute the
4-point function ((F' (1) F (12) F (73) F (14))) ym, in 2d YM, where we introduced for convenience
the shorthand F =i % F for the dual of the field strength, which is inserted four times along the
circular Wilson loop. A shortcut to this calculation may be obtained by starting from a more

17 Recall that in this section we are assuming that @3 is the scalar that couples to the Wilson loop, so the $° fluctuations
y? are dual to @1, Py, Oy, D5, Dg.
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general contour C and noticing that insertions of i % F' are equivalent to taking derivatives of
the Wilson loop expectation value with respect to the area.'® For a general contour C singling
out areas Aj, Ay on S2, with A| + A, = 4x (we take unit radius), the invariance under area
preserving diffeomorphisms of 2d YM implies that the expectation value is given by the same
expression (6.2) up to an area-dependent rescaling of the coupling

2 A1Ay Ai(dmr — Ay)
(WA1>:ﬁ11(ﬁ), A = =,
This is the expectation value of the general 1/8-BPS operator (6.6). The 1/2-BPS circle corre-
sponds to the special case A; = 2w when A’ = A. Then, taking derivatives of log{W,,) with
respect to A and setting A| = 27 after that yields the connected correlators of i * F inserted
along the circle.
For instance, the two-point function is given by

. - 92 A (WA
(FEF@hvm, = logWar)|, =—%.
1 1= 1

(6.15)

(6.16)

This implies that in (6.11) Ce(A) = %, in agreement with the Bremsstrahlung function
1
of [14].

For the connected 4-point function, we get

- ~ ~ - 4
(F ) F ) P Fonsgn a7 108(Wad 4, o
(FF)3m, < 02

_ 30+ 9[h D] =3[’
MBWD]

(6.17)

Expanding at large A, this gives

36 +H[NWDP =[N 3 45

+ J—
L] Vi 8a

and we see that the leading term agrees with our result (6.14) coming from tree-level connected
diagrams in AdS,.

2

+..., (6.18)

Acknowledgements

We are grateful to Nadav Drukker, Vladimir Kirilin, Marco Meineri, Carlo Meneghelli, Eric
Perlmutter and Vasily Pestun for useful discussions. RR acknowledges the hospitality of KITP at
UC Santa Barbara in the program “Scattering amplitudes and beyond”, during the final stages of
this work. The work of SG is supported in part by the US NSF under Grant No. PHY-1620542.
The work of RR is supported in part by the US DOE under Grant DE-SC0013699 and while

18 1y general, under a small deformation of the contour, the Wilson loop expectation value varies as (W (C 4 §C)) =

(Pl + [dtsx*xViFu, + ...)efiA). In 2d, we can write [dtéx*iViF,, = [dtéx"x" /geyvi * F. The factor
[ dtéx" iV, /ge,y measures the change in area of the Wilson loop.



524 S. Giombi et al. / Nuclear Physics B 922 (2017) 499-527

at KITP also by the US NSF under Grant No. PHY11-25915. The work of AAT was supported
by the ERC Advanced grant no. 290456, the STFC Consolidated grant ST/L00044X/1 and the
Russian Science Foundation grant 14-42-00047 at Lebedev Institute.

Appendix A. Toy model: scalar in AdS; with ¢* interaction
As a simple toy model, let us consider a scalar in AdS, with a simple quartic self-interaction
1 1 g
2 2.2 4
S = fd x\/§(§g“”8ﬂ<p8uw + 7™ -+ I(p ) (A1)

where we assume the Poincare metric ds* = iz (dz? +dt?). Tree level Witten diagrams obtained
from this model yield conformally invariant correlation functions of an operator O(¢) at the
boundary with scaling dimension given by A(A — 1) = m?. The tree-level 4-point function is
straightforward to compute

(0(1)0(12) O(12) O (13)) = —gCADanan(tr, 12,13, 12)
chvarea-5H 1

2ADanaa(x) (A2)

X
4 2A 2A
ATA)F 12842
Specializing to the case of a massless scalar, so that A = 1, this may be written as (cf. (4.8))
g (Caz1)® 5=
(0)0(1)0(0)013)) = = =53 x* D (x) . (A3)
oty

with D11y (x) given in (4.15). From this result we can extract the anomalous dimension of the
[OO]on ~ 08,2” O operators as explained in the main text. The leading order OPE coefficients
are given by (3.10) with A =1

o 2[r2n+2)]’T(2n +3)

_ ’ A4
€001001, '2n+1)T(@n+3) o

and extracting the coefficient of log(x) in D1111(x), the anomalous dimensions are given by

1 d ’

(1) X —3—-2n gX

_ 1 rdx P _8xz A5

Yook, = o fzmx ! 2"(X)er(l - X) 4
00[001,

which yields
& -
47 Cn+ D+ 1)

Note that unlike the results we obtained above from the worldsheet model (2.4), the anomalous
dimensions in (A.6)are positive and also they go to zero at large n.
One can similarly consider the case of a m? =2 scalar, i.e. A = 2. Then we get

A[00]y, =2 +2n+ +0(g>. (A.6)

5¢ (Ca=2)® 4=
(0(1)0(1) O (12) O (13)) =—%( ﬁ) X* Do (x)
T Il
- _x@x =545 o 2+ x+2 oy Ax=Dx+D
Da(x) = 300 =17 log(x~) T 300 log ((1 = x)?) 50— D22

(A7)
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The leading OPE coefficients are obtained from (3.10) with A =2

2
0 :pmwm]nh+ﬂ (A.8)
00[00]1, 1IST2n+ DT @n+7)"° '

and the anomalous dimensions are then given by

1 d HGE=2x)x -3
(1) X —5-2n §X X)X
Y1001, = ) y{ S X F_3_2,(x) = (A9)
€00[00, 2mi 36m(x — 1)
This yields the result
n+1)2n+5
Ajoop, =4+2n+ £ ( X ) +0(g%. (A.10)

4w (n+2)(n+3)2n+1)2n +3)
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